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NOi dung

- Tai sao can phai phan tich giai thuat ?
» Tiéu chuan danh gia giai thuat

- Phugng phap danh gia

- Bai tap



Su’ can thiét phai phan tich giai thuat

- Banh gia giai thuat

- Tinh ddng dan
* Chay trén dir lieu thu
* Chi{ng minh ly thuyét (bang toan hoc chang han)

- Tinh daon gian

- Tinh nhanh chong (thai gian thuc thi)
* Quan trong khi chucng trinh dugc thuc thi nhiéu lan
* Hiéu qua thai gian thutc thi



Thdai gian thuc hién cua chudng trinh

- Do thoi gian thuc hién chudng trinh
- Lap trinh va do thai gian thuc hién
— Phu thudc vao tap Iénh cua may tinh
- Ky nang cua ngudi lap trinh
- DU liéu dau vao

=>Tinh do phutc tap thoi gian thuc hién cua giai
thuat = do do su thuc thi cua giai thuat



Thdai gian thuc hién cua chucng trinh

- Do thdi gian thuc hién:
- Ham T(n) = 0, v&i n la kich thudc (do Ion) cua
dau vao
- Vidu: T(n) = 3n
- Bon vi tinh: sb I1énh cd ban, sb chi thi, ...
- Thdi gian thuc hién trong cac trucng hgp: tot
nhat, xau nhat, trung binh

=>»So sanh T1(n) va T2(n)



Thdai gian thuc hién cua chucng trinh

- Ty suat tang (growth rate):
- T(n) co ty suat tang f(n) néu ton tai hang C > 0
va n0 sao cho T(n) < Cf(n) On = n0
- Cho mot ham khong am T(n), luon ton tai ty
suat tang f(n) cua no
- Vidu: T(0) = 1, T(1) = 4, T(n) = (n+1)?, ta co:
f(n)=n2(vdiC=4,n0 =1)



Thdai gian thuc hién cua chucng trinh

??? Chi'ng minh rang:
- Ty suat tang cua T(n) = 3n3 + 2n la n3
e ChonC="7?,chonn0 =7
 Chi{ng minh bang quy nap

T(n) < Cf(n) On=n0



Thdai gian thuc hién cua chucng trinh

??? Chi'ng minh rang:
- Ty suat tang cua T(n) = 3n3 + 2n la n3
e ChonC=5,chonn0=0
 Chi{ng minh bang quy nap
3N+ 2n<5n3n=0
« Quy tac:

T(n) la da thuc cua n thi ty suat tang la bac cao
nhat cua n



P06 phutc tap giai thuat

» Cho 2 giai thuat
- P1 c6 T1(n) = 100n2
- P2 c6 T2(n) = 5n3

??? Giai thuat nao chay nhanh han
Xét n€u n < 20 thi T1(n) = T2(n)
Xét néu n > 20 thi T1(n) < T2(n)

=>» So sanh ty suat tang han la so sanh truc ti€p cac
ham T(n)



Po phutc tap giai thuat

» Ky phap O 16n (big O)
- NéEu T(n) cd ty suat tang f(n) = T(n) co6 do phurc tap la
f(n) va ky hiéu Ia O(f(n)), doc Ia “8 f(n)".
* Vidu: T(n) = (n + 1)2 cd do phuc tap O(n?)
» Tinh chat
- O(cf(n)) = O(f(n)), c: hang so
- O(C) = 0(1)
- DO phurc tap cua giai thuat: ham chan trén cua thoi gian
« Mot s6 ham thé hién do phirc tap thudng gap:
log,n, nlog,n, n2, n3, 2n, n!, nn, ...
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Cach tinh do phuc tap

 Cho 2 chuong trinh:
- P1 co thdi gian thuc hién T1(n) = O(f1(n))
- P2 co thdi gian thuc hién T2(n) = O(f2(n))
» Quy tac cong:
- Thdi gian thuc thi P1 va P2 ndi ti€p nhau s€ la:
* T(n) = T1(n) + T2(n) = O(max(f1(n), f2(n))
* Quy tac nhan:
- Thdi gian thutc thi P1 va P2 [6ng nhau (vd: vong
lap 16ng nhau chang han):
* T(n) = T1(n) x T2(n) = O(f1(n) x f2(n))



Cach tinh do phuc tap

» Quy tac nhan:
for (i=1; i<=n; i++)

for (J=1; j<=n; j++) {
thu'c hién cong viéc O(1)

T(n) = O(n°)



Cach tinh do phuc tap

for (i=1; i< n; i++)
for (j=i+1; j<=n; j++){

thu'c hién cong viéc O(1)

Ap dung quy tic nhan dugc khong?

T(n) 7222



Cach tinh do phuc tap

» Quy tac tobng quat:
- Poc (read, scanf), ghi (write, printf), Iénh gan, so sanh:
thdi gian la hang s6 hay O(1)
- Lénh if:
if (diéu kién)
lénh 1
else
|énh 2
 max (Iénh 1, Iénh 2) + diéu kién
- Vong I3p: tdng thdi gian thuc hién than vong 13p

* Trong truong hdp khong xac dinh dugc so lan lap
ta phai ldy so lan 1ap trong truong hdp xau nhat.



Cach tinh do phuc tap

 Phuong phap thuc hién:
- Xac dinh dau vao: thudng ky hi€u la n
- Cach 1: dung cho tat ca cac loai chucng trinh
 Tinh thai gian thuc hién T(n) cho toan bo chucng
trinh = O(f(n)) tu T(n)
- Cach 2: khong ap dung cho chudng trinh dé quy
 Chia chudng trinh nhiéu doan nho
* Tinh T(n) va O(f(n)) cho tung doan
» Ap dung quy tic cdng, quy tic nhan dé cé
O(f(n)) cho ca chuong trinh



Cach tinh do phuc tap
Vi du:

1. wvoid sap xep(int al], int n) {

2. int tam;

3. for (int i = 0; i < n; i++)

4. for (int j =1 + 1; 3 < n; J++)
5. if (alj] < aflil) A

6. tam = al[i];

7. ali] = aljl;

8. alj] = tam;

9

1



Cach tinh do phuc tap
Vi du:

int tim kiem(int x, int af[], 1int n)
int found, 1i;
found = 0;
1 = 0y
while (1 < n && !found)
if (a[i] == Xx)
found = 1;
else
i = 1+1;

return 1i;
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Cach tinh do phuc tap

int afll],

Vi du:
l.1int tim kiem nhi phan(int x,
2. int 1 =0, ] =n - 1;
3. while (i <= 73j) {
4 . int m = (1 + 3)/2;
5. if (x == a[m])
6. return m;
7. if (x < a[m])
8. J=m — 1;
9. else
10. i =m+ 1;
11. '}
12. return -1; // khong tim thay

13}

int n)

{



Cach tinh do phuc tap

« Chuadng trinh c6 goi chuang trinh con (khong dé quy)
- Quy tac: tinh tir trong ra ngoai

A > B > B1 > B11
— v v
C B2 Bi2

- C, B2, B12, B11
- B1

- B

. A



Cach tinh do phuc tap

» Chuong trinh dé quy
- Lap phudng trinh dé quy T(n)
- Giai phuadng trinh dé quy tim nghiém
- Suy ra ty suat tang f(n) hay O(f(n))

Vi du:
1. 1int giai thua(int n) {
2 . 1f (n == 0)
3. return 1;
4. else
5. return n * gial thua(n - 1);
6.



Giai phuong trinh dé quy

- Phuang phap truy hoi
- Trién khai T(n) theo T(n - 1) rdi T(n - 2) ... cho
dén T(1) hoac T(0)
- Suy ra nghiém
 Phuang phap doan nghiém
- Du doan nghiém f(n)
- Ap dung dinh nghia ty suét tdng va chirng minh
f(n) la ty suat tang cua T(n)
- Ap dung cdng thirc ddi véi I8p phuong trinh dé
quy da co I0i giai




Phucng phap truy hoi

> Trién khai T(n) theo
T(n-1) roi dén
T(n-2) ti€ép dén

cho dén T(1)



Vidu 1

- Giai phuong trinh dé quy:
T(1) =C1
T(n) =2T(n-1) + C2
* Ta co:
T(n) =2T(n—1) + C2
=2(2T(n—-2) + C2) + C2 = 2?T(n - 2) + 2C2 + C2
=22(2T(n—-3) + C2) + 2C2 + C2
= 23T(n — 3) + 22C2 + 2C2 + C2

= 2T(n — K) + 2x1C2 + 2x2C2 + ... + 2C2 + C2
— Qua trinh dung lai khi n—k = 1 hay k = n — 1, khi do:
T(n) = 21T(1) + C2 (21 = 1)
=Cl 21+ C2 (21 —1) = 0(2)



Vi du 2

Giai phuong trinh
C =C_ +n n=2
C,=1
Trién khai phwong trinh
C,=C.*tn
=C ,+¥(n-1)+n
=C ,+t(mn-2)+(n—-1)+n

=C,+2+...+(n-2)+(n-1)+n
=1+2+...+(mn—-1)+n
=n(n+1)/2

=n?/2



VI d U 3 Giai phwong trinh
C,=C,,+1
C, =0
Dat n =2k

C2"=C2x)+1
=C(2x2)+1+1
=C(2%%*)+3

=C(2°)+k

=C,+k=k
C, =k =1logn
C_ =logn

16/06/2014
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Vidu 4
) Giai phuwong trinh
C, =2C ,+n for
C,=0
Dat n = 2k

C(2¥) = 2C(2&1) + 2%
C(25)/2% = C(2&1)/ 2% + 1
= C(2%2)/ 22+ 1 +1

=k
O C(2¥) =k.2k
C,. =nlogn

n=2

16/06/2014



VI d u 5 Giai phwong trinh
Cmn)=2C(n/2) +1 forn=2
C1)=0
Dat n = 2k

C(2Y =2CQ2%)+1

C(2Y)/ 2k = 2C(2+1)/ 2% + 1/2*
= C(2*1)/ 2% +1/2k
=[C(2%2)/ 22 + 1/2%1 |+ 1/2k

=C(2&)/ 2K + 1/2%- 1 +1 + ... + 1/2%
Cubi cung, khii=n -1, ta duoc:
C292k=C2)2+1/4+...+1/2x= 1/2+1/4+....+1/2k=1
O CQ2¥)=2k=n



Vidu 6

Giai phuong trinh
C =2C  +1 n=2
C =1

C +1=2C ,+2=2(C_,+1)
=2Q2C,+t1))=2¢(C,,+t 1)

=201(C, + 1) = 2¢(1 + 1) = 2»

C = 20-1

n



Vidu 7

Giai phwong trinh
C(n):2C(\/E)+logn

Dat m =logn =>n =2m
C2m) =2C(2™%) + m

Dat S(m) = C(2™)

S(m) = 2S(m/2) + m = mlogm
C(n) = logn loglogn

16/06/2014
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Chuoi thong dung
S=1+2+3+...+n=n(nt+1)/2 = n?/2
S=1+22+32+ ...+ n>=n(n+1)(2n+1)/6 = n3/3
S=1+a+a*+a*+...+a"=(a" -1)/(a-1)

Néu 0<a<1 thi
S < 1/(1-a)
va khi n - oo thi

S tién vé 1/(1-a)

S=1+1/2+1/3+...+1/n=In(n) +Yy
Hang s6 Euler y= 0.577215665

S=1+12+1/4+1/8+...+1/2"+...=2
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Bai tap

- Tinh d6 phutc tap cua IGi giai dé quy
- Tinh giai thua cua n

- Thap Ha ndi vGi so tang thap la n

- Tim ki€m nhi phan cua day gdm n so dugc
sap theo th( tu téng dan



Phucng phap doan nghiém

» Th doan 1 nghiém f(n)
« Sau do tim cach ching minh T(n) < f(n)
- Chi'ng minh minh bang quy nap
« Thong thucng ta chon f(n) c6 dang: n, logn,
nlogn, 2", ...



LGi gidi tong quat

- Gidi thuat chia dé tri:
- Phan ra bai toan Idn thanh cac bai toan con

« Mot bai toan I6n co kich thudc n, thanh a bai
toan con co kich thuGc n/b

- Toéng hgp cac I8 gidi cua cac bai toan con dé cd
dudc I0i giai cua bai toan Ion
» Thdi gian tdng hop a bai todn con ton d(n) thaoi
gian
 Phuong trinh d€ quy cho giai thuat trén:
- T(1) =1
- T(n) = aT(n/b) + d(n)



LGi gidi tong quat

- Ap dung phudng phap truy hdi:
T(n) = aT(n/b) + d(n)
= a[aT(n/b/b) + d(n/b)] + d(n)
= a2T(n/b2) + ad(n/b) + d(n)
= a2[aT(n/b3) + d(n/b2)] + ad(n/b) + d(n)
= a3T(n/b3) + a2d(n/b2) + ad(n/b) + d(n)

= akT(n/b¥) + Yad(n/b)
- Qua trinh két thuc khi n/bk = 1 hay k = log,n
T(n) = ak + Yad(n/b)



LGi gidi tong quat

 Nghiém thuan nhat (homogeneous solutions ):

k - log, a
a _ngb

- d(n): ham tién trién (driving function)

« Nghiém chinh xac s€ la nghiém chinh xac néu
d(n) = 0, vGi moi n

« Néu d(n) > 0, ta c6 nghiém riéng:

ZadH H ZadH E Zad(bk’>



LGi gidi tong quat

« Néu nghiém thuan nhat I6n nghiém riéng thi do
phutc tap la nghiém thuan nhat

« Néu nghiém riéng I6n hon nghiém thuan nhat
thi do phutc tap la nghiém riéng

» Tuy nhién, tinh nghiém khong phai luc nao cling
de!



LGi gidi tong quat

- Ta sé tinh nghiém riéng trong truong hgp d(n)
co dang dac biét
- Ham nhan, ham co tinh chat nhan (multiplicative

function):
- Ham d(n) co tinh nhan néu va chi néu d(x.y) =
d(x).d(y)
- Vi du:
* d(n) = n?la ham nhan vi d(x.y) = (x.y)* = x.y* =
d(x).d(y)
 d(n) = 3n* khong phai la ham nhéan




LGi gidi tong quat

« Néu d(n) la ham nhan, ta c6 nghiém riéng:

a D
d(b)

Y da(e )= Y alae) = ao)'Y ¢

a“-|d®d)'

a

d(b)




LGi gidi tong quat
- N&u a > d(b), a* > [d(b)]*

T(n)= O(a*)= 0(a"®)= O(n")
» Néu a < d(b)

T(n)= Od (b)) = Od (b)) = O(n"%")
« Néu a = d(b)

zadaa" Z olaw) =law)'y

i=0

[]

A

(b)

<L
=k

=d(b) k=a"
T(n)= O(nlogz log n)
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Bai tap
- Giai cac phuadng trinh dé quy sau vai T(1) = 1
1/- T(n) = 4T(g) +1 4/ T(1)=1

11
T(n) =2T(=) + nl
2/- T(n) = 4T(g) + 12 (n) =21(5) + nlogn

3/- T(l]) — 4T(g) + 113
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Vidu: GPTv6i T(1) =1 va

- n
1/ T(n) = 4T@2E+ n

* Phuong trinh c¢6 dang phuong trinh tong quat.
* d(n)=n la ham nhan.

*a=4vab=2.

* db)=b=2<a.

* T(n) = O(nlog2) = O(nlg4) = O(n2).



Vi dy: GPT véi T(1) = 1 va
n
2/ T(n) = 4TH 5+ n?
0210

* Phuong trinh c¢6 dang phuong trinh tong quat.
* d(n)=n2 1a ham nhan.
* a=4vab=2.
* d(b)=b2=4=a.
* T(n) = O(nlogalogyn)
= O(nlgtlogn) = O(n2logn).



Vidu: GPT voi T(1) =1 va

_ E 3
3/ T(n) = 4TE2E+ n

« Phuong trinh c¢6 dang tong quat.
e d(n)=n3 1a ham nhan.

e a=4vab=2.

e d(b)=Db3=8>a.

* T(n) = O(nlog,d®) = O(nled) = O(n3).

16/06

/2014
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Bai tap

Bai 2: Gial cac phuwong trinh dé quy sau vé1 T(1) = 1 va
a) T(n)=3T(2)+n
b) T(n)=3T(n/2)+n’
¢) T(n)=8T(w2)+n’
Bai 3: Gia1 cac phuong trinh dé quy sau vo1 T(1) =1 va
a) Tn)=4T(/3) +n
b) T(n)=4T(n/3) +1n’
¢) T(n)=9Tw/3)+n’



Bai tap

Bai 4: Gia1 cac phwong trinh dé quy sau vo1 T(1) =1 va

a) Tn)=Tw?2)+1

b) T(n)=2T(n/2) + logn

¢) Tn)=2T@w/2)+n

d) T(n)=2Tw?2)+n’

Bai 5: Giai cac phuong trinh dé quy sau bang phwong phap doan nghiém:
a) T(1)=2vaTm)=2T(n-1)+1vo1 n>1

b) T(1)=1vaT(n)=2T(n-1) +nvor n> 1



Vi du: GPT voi T(1) = 1 va

T(n) = 21?%@{ nlogn

* PT thudc dang phuong trinh tong quat nhung d(n) =
nlogn khong phai Ia mot ham nhan.

* NTN = nloga =nlog2=n

* Do d(n) =nlogn khong phai 1a ham nhan nén ta phai
tinh nghi€ém riéng bang cach xét truc tiép
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Vi du (tt)
k-1 k-1

NR = Yald(b*): y 2'24l0g2"
=0 1=0

k-1
NR =245 (k-j)= 2" k(k; D - 0@+k?)
)70

* Theo giai phuong trinh dé quy tong quat thin =bknén k =
logyn, & day do b =2 nén
2k =n va k = logn,

* NR= O(nlog2n) > NTN

* T(n) = O(nlog2n).



BT4-1: GPT véi T(1) =1 va

2

* Phuong trinh c¢6 dang phuong trinh tong quat
* d(n)=1 la ham nhan

*a=1lvab=2

* dlb)=1=a

* T(n) = O(nlgalogyn) = O(nkellogn) = O(logn)

T(n)=T




BT4-2: GPT v6i T(1) =1 va

T(n) = 2T% §+ logn

Phuong trinh c6 dang tong quat

d(n)=logn khong phai 1a ham nhan
NTN = O(nlog,2)=0(nloz2)=0(n)

Tinh truc tiép nghiém riéng

16/06

/201
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Vi du (tt)
1
NR -

0

k-1
a’d(b*7)= z 2/ log 2"/
o

kI‘I'M T

k-1 k-

k-1 1
NR=Y 2/(k- j)=§ k2/-§ j2’
;O (k= J) JZO ;OJ

2% -1
2-1

NR = O(kflzf): Ok =)

NR = O(k2*)= O(nlogn)> n= NTN

T(n)=0(nlogn)
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Bai tap

Bai 8: Xét cong thire truy toan dé tinh s6 t6 hop chép k ctia n nhw sau:
. [ 1 néu k=0 hoac k=n

Ca ™ { CH+CE néud<k<n
a) Viét mot ham dé quy dé tinh s6 to hop chép k cta n.

b) Tinh tho1 gian thwe hién cua giai thuat noi trén.



Bai tap

Tinh d6 phuc tap thdi gian cua doan chucng
trinh sau theo n:

l.int max(int a[], int n) {

2. 1f (n == 1)
return a[0];

if (a[n-1] > max(a, n - 1))
return a[n-1];

return max(a, n-1);

S oy 0 W
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