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ABSTRACT

We introduce SparseKmeans, the first Python package for fast K-
means clustering on high-dimensional sparse data. Most existing
K-means implementations, such as scikit-learn, are only optimized
for dense data and do not run efficiently on sparse inputs. In this
work, we thoroughly investigate how to accelerate widely used
K-means algorithms on sparse data via matrix operations. In par-
ticular, we propose a new design of Elkan’s method that aggre-
gates distance computations and reduces fragmented memory ac-
cess. By analyzing the structure of key matrices and leveraging
highly optimized sparse matrix libraries, SparseKmeans achieves
up to 9x speedup over scikit-learn. The package is available at
https://github.com/cjlin1/sparsekmeans.
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1 INTRODUCTION

K-means is one of the most fundamental clustering techniques in
machine learning and data mining. It is supported in many popular
machine learning libraries such as scikit-learn [8], SciPy [10], and
MLIib [7]. In particular, many Python users perform K-means with
scikit-learn. However, while sparse data is prevalent in real-world
applications, most packages — including SciPy and MLIib - support
clustering only on dense matrix formats. Although scikit-learn has
a specialized implementation for sparse K-means, its efficiency is
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not as well optimized as it is for dense inputs.! More importantly,
there has been little research on implementing K-means algorithms
specialized for sparse data, leading to substantial inefficiencies. As a
result, the community has requested an efficient package for sparse
K-means.?-3

In this work, we propose SparseKmeans, an easy-to-use Python
package for efficient K-means clustering on high-dimensional sparse
data sets. It supports all K-means methods available in scikit-learn,
including Lloyd [6] and Elkan [4]. Internally, SparseKmeans nov-
elly implements both methods using sparse matrix operations and
leverages the highly optimized GraphBLAS library [2] for these op-
erations. To the best of our knowledge, this is the first work to fully
express all K-means steps as sparse matrix operations. On large-
scale sparse data sets, SparseKmeans achieves up to 9x speedups
over the K-means implementation in scikit-learn. Moreover, our
implementation is simple and written entirely in pure Python, with-
out the need for handcrafted C-level codes as used in scikit-learn.
The package is available at https://github.com/cjlin1/sparsekmeans.

Paper organization. In Section 2, we introduce the K-means al-
gorithm and its challenges on sparse data sets. In Section 3, we
propose a novel matrix-based design of Elkan’s method. We discuss
the optimization of matrix operations to address the challenges
mentioned earlier. We present the package in Section 4 and show
the running time in Section 5. Conclusions are given in Section 6
and supplementary materials are provided at https://www.csie.ntu
.edu.tw/~cjlin/papers/sparse_kmeans/supplementary.pdf.

2 K-MEANS AND CHALLENGES TO HANDLE
SPARSE DATA

Given a set of samples {x1,...,xm}, xi € R", the K-means cluster-
ing aims to partition the m points into K clusters. The partitioning
can be represented by a label vector £ € {1,..., K}™, where ¢; is the
cluster for x;. The objective of the K-means problem (with respect
to the Euclidean norm) is

. m
min )" llx; el ()
where each c¢; with j € {1,...,K} is the centroid for cluster-j,
defined by
Dity=j Xi Dicg=j Xi
Cj = = (2)

(size of cluster-j) ~ |[{x; | & = j}|’

1For dense data, beyond scikit-learn, there are other advanced libraries focusing on
efficient clustering, such as [3].
https://stackoverflow.com/questions/58346524/faster-kmeans-clustering-on-high-
dimensional-data-with-gpu-support

3In [9], the authors mentioned “Another difficulty is a lack of efficient implementations
for sparse k-means in dealing with large datasets.”
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Typically, problem (1) is solved with an iterative framework:

1. Choose K points as the initial centroids ¢, .. ., ck.
2. Repeat the following until the stopping condition is met.*

(a) Assign-step: For each x;, assign it to the nearest cluster

¢ €arg min_||x; —cjl|. 3
carg min, flxi —c )

(b) Update-step: For each j € {1,...,K}, update c; by (2).
The two well-known methods implemented in scikit-learn — Lloyd’s
[6] and Elkan’s [4] — are within this framework. Their main differ-
ence lies in how they identify the nearest cluster in Step-2a. In the
following subsections, we discuss the optimization challenges of
each step when working with sparse inputs.

2.1 Step-2a: Cluster Assignment

Cluster assignment is the major computational bottleneck, regard-
less of Lloyd’s or Elkan’s methods. Both require many distance cal-
culations between data points and centroids, i.e., those [|x; — ¢;||’s
in the Assign-step.

2.1.1 Lloyd’s Method. According to (3), Lloyd’s method first cal-
culates the squared distance ||x; — c; ||? between all sample points
and centroids, which is the following matrix in RMXK

;Cl +le||? llx1]12 = ZX?‘K +[lek |I?

ll2l1? = 2x5 €1 + [le1||? llxc2ll* = 2x5 ek + llex||®

llac1|I* — 2x

©

lxml? = 2xfe1 + lles1® lxmll® = 2x e + llex|®

After that, we take the minimum of each row to find the nearest
cluster for each x;. To calculate (4), we need the squared norms
llxil12, llc i |2, which are relatively cheap, and the more expensive
matrix-matrix multiplication

T
_oaT
T |
D | P

xl -
For dense data (i.e., when X contains many non-zero entries),
scikit-learn leverages optimized Basic Linear Algebra Subprograms
(BLAS) to compute (5), significantly reducing the computation time.
In contrast, handling sparse data introduces some challenges when
applying efficient sparse matrix libraries:

o The performance of sparse matrix products depends on various
factors such as storage formats and the way to do the operation.
For example, one needs to decide whether to store X and C using
a “row-major” or “column-major” format. Our benchmark results
show that, for sparse X and C, computing (5) under a “column-
major” CT can be 60 times slower than under a “row-major” CT.
Moreover, the development for efficient sparse matrix operations
is still less mature compared to that for dense matrices.

e Because c; is often initialized to be some x; in Step-1,° C is
rather sparse at the first iteration. However, in later updates, the
density of C depends on many factors such as the density of X,

4See supplementary materials for details.
SWe use the Kmeans-++ initialization [1] as scikit-learn does. See supplementary for
details.
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Algorithm 1: A sketch of Elkan’s cluster assignment.

1 Compute D € RE*K with D; j» = [lc; — ¢y ||/2
2 fori=1,...,mdo

3 forj=1,...,Kdo
// compute ||x; — c|| when neither (6) nor (7) holds
4 if j # ¢;and Dj g, < u(x;) and [(x,¢;) < u(x;)
then
5 I(xi,cj) « llxi —cjll
6 if ||lx; — cjll < |lxi — c¢;|| then
7 | & — jou(x;) — |lxi —cjll

the number of clusters, and the partition result. Thus, optimizing
(5) becomes difficult since the density of C is hard to predict.

2.1.2  Elkan’s Method. This method avoids some calculations of

|lx;—c|I’s by exploiting the information from the previous iteration.

Specifically, the algorithm uses the triangle inequality to maintain

two distance-related bounds.

e For each x;, let u(x;) be an upper bound of ||x; — ¢4, ||, i.e., the
distance to the closest cluster-#£;.

e For each x; and any j = 1,...,K, let [(x;, cj) be a lower bound
of ||x,~ - Cj”.

We leave the details of maintaining u(x;) and I(x;, ¢;) in the sup-

plementary materials.

Let us see how these bounds effectively reduce the number of
distance calculations. Suppose at the end of iteration-, x; belongs
to cluster-¢;, with the centroid being c;,. To determine the cluster
of x; at iteration-(t + 1), Elkan’s method uses the following two
criteria to filter out clusters that x; cannot belong to.

(1) For j # ¢; satisfying

1
u(x;) < E”Cj —cqll, (6)
the triangle inequality shows that x; is closer to cluster-¢; than
cluster-j, so x; must not fall into cluster-j:
lxi = cjll = lleg, — cjll = llxi = cqll
> 2u(x;) —u(x;) 2 [lxi — g l.
(2) For j # ¢; satisfying
u(xi) < 1(xi, ¢j), 7)
we have
llxi —cqll < u(xi) < U(xirej) < llxi —cjll,
showing that x; must not belong to cluster-j.

For j satisfying either (6) or (7), we do not need to calculate ||x;—c;]|.
Based on the two criteria, in Algorithm 1, we give a sketch of Elkan’s
cluster assignment within one K-means iteration.®

At first glance, it seems possible to implement Algorithm 1 by
aggregating the distance calculations

lx; — cjll Vj not satisfying (6) and (7), (8)

which requires only one matrix-vector product. Unfortunately, the
procedure in Algorithm 1 is inherently sequential. Specifically, in

®In fact, Elkan [4] applies more complicated settings. For better understanding, here
we only show the main idea and leave the details to supplementary materials.
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Line 6, both ¢; and u(x;) may be updated when x; is found to be
closer to cluster-j. As a result, in subsequent iterations over j, we
need to evaluate conditions (6) and (7) using the most recent values
of ¢; and u(x;). This dependency hinders the aggregation of several
|lxc; — c|I’s, as it is impossible to determine which distances will be
needed in advance.

2.2 Step-2b: Centroid Updates

From (2), since each c; is a linear combination of x;’s, so we can
compute the centroids by the following matrix product

- C; - By -+ Bim|[- x -
- - Byi -+ Bam||- x} -
C= ) =BX =] . . . . ,

— CIT< - Bxi -+ Brml |- x; —

)
where B € RKX™ is defined with
1/(size of cluster-j) if & =j

J— 10
! {O otherwise (10)

There are two challenges for handling (9). First, as discussed in
Section 2.1.1 the density of C remains unknown until (9) is actually
computed. Therefore, it is hard to decide in advance whether C
should be stored in a dense or sparse format. Second, even if X
is extremely sparse and we decide to store C as a sparse matrix,
it is well known that the sparse-sparse matrix product (9) is very
difficult due to the irregular structure of the output. Several studies,
such as [11], have investigated the efficient implementation to have
a sparse output matrix C, but the appropriate storage format for C
remains uncertain.

3 ACCELERATING K-MEANS ALGORITHM
VIA EFFICIENT SPARSE MATRIX
OPERATIONS

The core idea of SparseKmeans is to leverage highly optimized
packages for sparse matrix operations. For Lloyd’s method, the key
computations — namely (5) and (9) - are already expressed as matrix
multiplications. However, as noted in Section 2.1.2, the sequential
procedure in Algorithm 1 makes it difficult to apply such operations
to Elkan’s method. Therefore, in Section 3.1, we first introduce a
new design of Elkan’s method, which well aggregates the distance
calculations by using matrix-vector products. Then, in Section 3.2,
we further discuss the practical issues of applying existing libraries
to support these matrix computations effectively.

3.1 A New Matrix-based Design of Elkan’s
Method

The main obstacle that prevents Algorithm 1 from utilizing matrix
operations is the “sample-wise” cluster assignment. The sequential
procedure within the assignment of an x; makes it impossible to
compute (8) together. To address this issue, we redesign Elkan’s
method in a “cluster-wise” manner, as shown in Algorithm 2. Specif-
ically, for each cluster-j, our new design first finds the set of candi-
date samples satisfying neither (6) nor (7), denoted by S;:

Si={ilt# jllcj —cqll/2 < u(x;) and I(x,¢j) < u(x;)}. (11)
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Algorithm 2: A new design of Elkan’s cluster assignment
that allows vectorization.

1 Compute D € RE*K with D; » = |lc; —cj||/2

2 Compute d € R™ with d; = ||x; — ¢y, ||

3 forj=1,...,Kdo

4 fori=1,...,mdo

5 if j # ¢; and Dj g, < d; and [(x;,¢;j) < d; then
6 I(xi, ¢j) « |lxi — cjll

7 if d; > ||x; — cj|| then

8 | & —j.di — |lxi — cjll

Under a fixed j, checking whether each x; € S; is independent to
one another, so we can vectorize the comparisons for all x;’s. After
having S;, we aggregate the calculation of ||x; — ;|| for all i € S},
whose major computation is the matrix-vector product

ij,: Cj, (12)

where Xg; . denotes a submatrix of X containing the rows of sam-
ples in S;. This new design successfully bypasses the sequential
restriction in Algorithm 1.

On the other hand, readers may find that when checking (6) and
(7), we replace u(x;) with d;, the exact ||x; — cg;|| (which serves as
the tightest upper bound). By using the smallest possible values
in the left-hand side of (6) and (7), the number of needed distance
calculations is reduced. While maintaining d could induce addi-
tional costs, it turns out to be necessary for handling empty clusters
during centroid updates, as done in scikit-learn (see supplementary
for details). As a result, d is already maintained, and we can reuse
it without incurring additional computation.

Besides the matrix-vector products (12), there are two major
computations in Algorithm 2:

o We need to calculate CCT for precomputing the pairwise centroid
distance matrix D.
e The vector d: From

di = llx; — e | = \lxill? — 25T g, + lleg |12

we need ||x;]|%, llce; ||% and xch(i for all i. Among the three terms,
||lx;|| is only calculated once over the K-means algorithm. To
have ||cs,||?, we only need to compute K squared norms lle; 12, V.

Since m > K, the bottleneck lies in the m inner products xl.Tc(l..

3.2 Optimization of Sparse Matrix Products

Up to now, there are five matrix/vector operations involved in
K-means algorithms:

(I) The matrix-matirx product X CT in (5) of Lloyd’s method.
(1) The matrix-matirx product CCT in Elkan’s method.

(IIT) The inner products xch[i, Vi in Elkan’s method.

(IV) The matrix-vector product Xg; .c; in (12) of Elkan’s method.
(V) The matrix-matirx product C = BX in (9) for centroid up-

dates.

We choose the state-of-the-art package SuiteSparse:GraphBLAS
[2], which supports various kinds of sparse matrix operations,
to compute these operations. On a wide range of tasks, SuiteS-
parse:GraphBLAS outperforms other sparse matrix libraries such
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Table 1: The running time comparison (in seconds) for Lloyd’s and Elkan’s methods using scikit-learn (sklearn) and SparseK-
means. The best setting for each dataset and K is shown in bold. We terminate the program if it takes more than 10° seconds.

Data sets # Samples (m) # Features (n) K Lloyd’s method Elkan’s method
sklearn SparseKmeans Speedup sklearn SparseKmeans Speedup
Wiki-500K 500,091 2,381,304 100 24,617.7 2,957.3 8.32x 4,042.7 2,382.1 1.69x
(Density: ~ 0.10%) 500 > 10° 26,1049  >3.83x 91,441.87 5,061.0 18.06x
Amazon-670K 667,317 135,910 100 670.9 123.4 5.43x 248.5 141.8 1.75x
(Density: = 0.16%) 500 7,170.1 776.2 9.23x 1,248.3 685.1 1.82x
Url 2,396,130 3,231,962 100 799.9 163.5 4.89x 719.8 296.0 2.43x
(Density: ~ 0.003%) 500 5,888.4 987.2 5.96x 4,687.1 1,989.7 2.35x
Amazon-3M 2,812,281 337,067 100  26,207.5 2,359.1 11.10x 2,965.2 1,743.4 1.70x
(Density: ~ 0.15%) 500 > 10° 39,346.1 > 2.54x  13,340.0 5,517.9 2.41x

as Intel MKL [5]. To make the best use of the package, we painstak-
ingly compare the running time under different matrix formats (e.g.,
row/column-major, dense/sparse) to determine the most suitable
configuration for the five key operations. Below, we summarize the
final settings used in SparseKmeans.

For matrix products that do not require extracting specific rows
or columns from X or C, including operations (I), (II), and (V), we
always perform the operation using the best “row-major X row-
major” setting. The most difficult part is to decide whether C should
be stored in a dense or sparse format. Although it is impossible to
know the density of C in advance, empirically we observe that the
density of C is close to that in the previous iteration. Therefore,
we rely on the density of C from the previous iteration and set a
heuristic threshold y = 0.1 to choose the storage format for C:

o If the density of C in the previous iteration is below y, we use a
sparse format to store the output of (V) and conduct (I) and (II).
e Otherwise, a dense format for C is applied.

Operations (III) and (IV) require accessing specific rows/columns
from X or C. Interestingly, our study and benchmark results indicate
that a dense C (or ¢¢; and c; in the operations) should be used to
achieve better performance (details provided in supplementary
materials).

4 THE PACKAGE

Currently, SparseKmeans supports two formats for sparse inputs —
scipy.sparse.csr_matrix and graphblas.Matrix. Running the
package is straightforward and requires only a few lines of code:

kmeans = LloydKmeans(n_clusters=100) # Lloyd's K-means
kmeans = ElkanKmeans(n_clusters=100) # Elkan's K-means
labels = kmeans.fit(X)

The two classes LloydKmeans and ElkanKmeans inherit from a
shared base class, SparseKmeans, which encapsulates common
functionalities such as the centroid updates. For most cases, SparseK-
means produces clustering results identical to those from scikit-
learn. The only exception arises when the number of distinct points
is smaller than the number of clusters K, in which case our im-
plementation yields a more reasonable clustering outcome (see
supplementary materials for details).

To pursue high performance, scikit-learn relies on low-level
implementations such as Cython. In contrast, SparseKmeans is

written entirely in Python, yet delivers faster runtime performance
in many scenarios. Our implementation requires only one-third as
many lines of code compared to the corresponding part in scikit-
learn, demonstrating both simplicity and efficiency. Additionally,
we provide detailed documentation of the implementation to help
users understand the internal workings of the algorithms.

5 EXPERIMENTS

In this section, we compare the running time of our package, SparseK-
means, against scikit-learn on four sparse data sets. We give data
statistics in Table 1 and provide more details in supplementary
materials. We run experiments on an Intel Core i7-6900K CPU @
3.20GHz using 16 threads. To ensure a fair comparison, we configure
both packages with same random seeds and stopping conditions.’

Table 1 gives the running time for Lloyd’s and Elkan’s methods
under K = 100 and K = 500. SparseKmeans consistently achieves
significant speedups over scikit-learn across all data sets. Notably,
the speedups for K = 500 are generally greater than those for
K = 100. The reason might be that the centroid matrix C becomes
sparser as K increases, allowing our efficient handling of sparse
matrix operations to provide more advantages over scikit-learn.

Now, let us compare Lloyd’s and Elkan’s methods with SparseK-
means. In most settings, Elkan’s method is faster than Lloyd’s be-
cause the former requires fewer distance calculations. However, for
the highly sparse data set Url, Lloyd’s method is faster than Elkan’s.
Under the extremely sparse scenario, the distance calculation can
be very fast, so Lloyd’s method is still efficient even if it computes
all distances in (4). In contrast, Elkan’s method is more complicated
and may induce some overhead.

6 CONCLUSIONS

In this work, we developed SparseKmeans, a highly efficient pack-
age for K-means clustering on sparse data. We studied the formula-
tion of widely used K-means algorithms into matrix operations and
carefully chose the most suitable settings when applying sparse
matrix libraries. Building on this foundation, a promising direction

"The running time is supposed to be less than this number. However, it seems that
there exists a problem with scikit-learn’s implementation.

8For Amazon-670K, the needed iterations for convergence is different on scikit-learn
and SparseKmeans due to numerical imprecision. Therefore, we run the iterations up
to be the minimum of the two and report the results.
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for future work is to extend our matrix-based approach on GPUs
to further improve the performance.
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